Decision Theory exercises — Part 4.4 . Dr. Paolo Coletti

Risk attitude and lotteries.

U(E(L)) > E(U(L)) for every L -> agent is strictly risk-averse
U(E(L)) <E(U(L)) for every L = agent is strictly risk-lover

U(E(L))2 E(U(L)) for every L. = agent is non strictly risk-averse
U(E(L)) € E(U(L)) for every L - agent is non strictly risk- lover

U(EL)) = E(U(L)) for every L > agent is risk-indifferent

The left side of these inequalities represent the utility of the expected value, therefore the
utility of an average result. The right side represents instead applying the utility to the
values of the lottery, and is therefore a measure of the utility of the lottery.

Therefore, agents preferring the expected value rather than the participation in the lottery
are risk-averse and those preferring participating rather than receiving the expected value
are risk-lover.

Note that inequalities must hold for every lottery. In the previous examples, U=In (x+¢)=1
or U=exp(x)-1, we proved the attitude only for the particular lottery L=(-1, 2/3; 0, 1/6;
+4, 1/6) and not in general. Therefore, in these cases we say that the user dislikes/likes
the lottery, but we may, for now, not say that the agent is risk-averse/lover.

It is important to note that a risk-averse agent does not refuse ail the lotteries, while a
risk-lover does not accept all the lotteries. Clearly, both will continue to refuse lotteries
with only negative outcomes, such as house fire damage, and will continue to participate
in lotteries with only positive outcomes, such as the Sant Petersburg lottery.
The difference lies in the fact that a risk-averse wants to pay less than the expected value
to participate in a lottery, while the risk-lover wants to pay more than the expected value
to participate in a lottery. Obviously, for lotteries with negative expected value, the
situation is reversed: a risk-averse wants to pay more than the expected value to avoid a
lottery, while the risk-lover wants to pay less than-the expected value to avoid it. In
summary,the risk-lover’s opinion of the lottery’s value is always higher than the
expected value, while the risk-averse agent’s opinion is always smaller.
Therefore, from now one we will talk about liking and disliking lotteries, with the
meaning of:

— like: thinking that the lottery is worth more than its expected value

— dislike: thinking that the lottery is worth less than its expected value

— indifferent: not like nor dislike, lottery is worth its expected value
Therefore:

- arisk-averse agent dislikes all lotteries (even though he will still participate in

convenient lotteries unless he is offered E(LL) in return)
— arisk-lover agent likes all lotteries (even though he will still not participate in not
convenient lotteries unless he is offered E(L) in return)
~ armsk-indifferent agent is indifferent to all lotteries
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Decision Theory exercises — Part 4.4-5 Dr. Paolo Coletti

Consider now the risk lover relation U(E (L)) < E(U (L)) VL. It can be written, when L is
a discrete Iottery,

U ijp] ZU( )p] Vx; Vp; € [0; l]mchpj—l
Jj= j=1
Considering for sunp11c1ty the case n = 2 with only two outcomes where p, = 1 — p,,
we have
U(x1p1 +x,{(1 — pl)) < U(x)p, + U(x5)(1 — py) VX, Vx, Vp, € [0;1].
Now we recall the definition for a convex function which is
fOx+ A -Dy) <Af )+ (A - Df(y) vxVy VAE[0;1],
and therefore we can easily see that being a risk-lover agent is equivalent to having a
convex utility function.
In the same way, a concave utility function identifies risk-averse agents, while a linear
utility identifies risk indifferent agents.
if the utility is non strictly concave, meaning that it is linear in some intervals and
concave in others, the agent will be non strictly risk-averse, meaning that he will dislike
some lotteries and be indifferent to others, but never like any lotl:ery Vice versa for a non
strictly convex function.

F 3 A

v

Non strictly convex function Non strictly concave function
In order to check concavity or convexity of functions we can simply look at the graph, as

it is suggested whenever the function definition is split, or calculate the second
derivative.

Version 3.0 (06/11/2009)
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